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Abstract 

We present a comprehensive analysis of branes in the Euclidean 2D black hole (cigar). 
In particular, exact boundary states and annulus amplitudes are provided for DO-branes 
which are localized at the tip of the cigar as well as for two families of extended Dl and 
D2-branes. Our results are based on closely related studies for the Euclidean AdS^ model 

and, as predicted by the conjectured duality between the 2D black hole and the sine- 
Liouville model, they share many features with branes in Liouville theory. New features 
arise here due to the presence of closed string modes which are localized near the tip of 
the cigar. The paper concludes with some remarks on possible applications. 
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1 Introduction 

There exists an interesting exact 2D classical solution of the string equations of motion which 
became known as the cigar and which has been studied for various different reasons after it 
was first discovered in PUIS]- Initially, investigations focused mainly on a Lorentzian version 
of the cigar geometry because is was observed to exhibit all characteristic features of a 1+1 
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dimensional black hole |SJ. The Euclidean counterpart, which we shall mostly refer to as 2D 
black hole, gained more relevance later as a building block for several important 9+1-dimensional 
string backgrounds [HUH]- In particular, it arises when a stack of NS5-branes is separated along 
a 1-dimensional circle [7j in order to prevent the string coupling constant from diverging at the 
branes' locus [Oj. Hence, a detailed study of strings and branes in the 2D black hole geometry 
can be seen as a crucial step toward understanding string theory in the near horizon geometry 
of NS5-branes and its conjectured duality with little string theory (see e.g. JB] and references 
therein) . 

The spectrum of closed string modes in the 2D black hole geometry was originally analyzed 
by Dijkgraaf and the Verlindes [Hj. Even though their proposal was partly based on a conjectural 
and somewhat obscure duality with the so-called 2D trumpet geometry, it has been confirmed 
recently through an exact computation of the partition function [El- 1 What makes the whole 
structure of the spectrum non-trivial is the existence of closed string modes which are localized 
near the tip of the cigar. Other exact quantities in the bulk theory, in particular the closed 
string 3-point couplings, can be inferred from Teschner's work on the if 3 model JU^]. The 
latter is related to the SX(2,R) WZW model by a Wick rotation in target space and it serves 
as the starting point for a coset construction of the 2D black hole. 

In this work we extend the exact solution of string theory in the 2D black hole background 
to branes and open strings. One obvious motivation comes from the duality with little string 
theory that we have mentioned before. It is also worth pointing out that the 2D black hole 
was conjectured by Fateev, Zamolodchikov and Zamolodchikov to be T-dual to sine-Liouville 
theory (see ^3] for a more precise description of the conjecture). A supersymmetric version 
of this T-duality ^1] which involves the N = 2 SL(2,M)/U(1) Kazama-Suzuki quotient on 
one side and N = 2 Liouville theory on the other has been firmly established [13]. In this 
light, our studies of branes and open strings in the 2D black hole appear as a 2-dimensional 
generalization of similar investigations for Liouville theory Ej. We shall find many parallels 
between branes in the two models. 

Our construction of branes and their open string spectra in the 2D black hole background 
departs from the results of on D-branes in H 3 (see also fHJ 1201 E] for some proposals 

and partial results on exact boundary theories for branes in H 3 ). In principle, these descend 
down from the 3-dimensional H% model through a rather simple coset procedure involving some 
1-parameter family of translations. The implications for the 2-dimensional quotient, however, 
are quite non-trivial due to the discrete bulk modes that are localized near the tip of the 2D 
black hole. Note that these have no analogue in the bulk spectrum of the H% -model. Hence, e.g. 
the Cardy-type consistency conditions which arise from world-sheet duality differ significantly 
lr There is a only a small discrepancy concerning the so-called unitarity bound. 
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Figure 1: The 2d black hole 



between the parent theory and its coset. 

We shall start our presentation with a review of some relevant material on the bulk theory. 
This is followed by three rather independent sections on three different types of branes. The 
latter may be classified according to their dimension and they include a set of point-like branes 
as well as two families of extended Dl and D2-branes. Each section below contains a careful 
study of the semi-classical limit in which we describe the branes' geometry and some properties 
of their open string spectra 2 . A comprehensive summary of the exact solutions is provided 
and motivated from the results of pQ before we explain how to verify the consistency with 
world-sheet duality. 3 The paper concludes with a list of open problems. 

2 Preliminaries: Closed strings on the cigar 

To prepare for our study of branes and open strings in the cigar geometry we will need to review 
some background material about the closed string theory. We will start with a few words on the 
minisuperspace model, partly to motivate the description of the spectrum in the full conformal 
field theory which we address in the second subsection. The section concludes with a short 
review of the coset construction from H 3 . 

2.1 The minisuperspace model 

The 2-dimensional cigar is parametrized by some angle 9 e [0, 2ir[ and a radial coordinate 

p G [0,oo [ with p = corresponding to the tip (see figure l2~T|) . In these coordinates, the 

2 A Born-Infeld analysis of branes in the 2D black hole has been worked out previously in \22\ . 
3 The solution for the Dl-branes was already presented in P and [2*5| . 
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background metric and dilaton are given by the expressions 

k p*° 
ds 2 = -(dp 2 + tanh 2 pd6 2 ) , e* = — — (2.1) 
2 cosh p 

where we have used the string frame and set oi — |. We can get some intuition into the 
spectrum of closed string modes from the minisuperspace approximation. To this end, we are 
looking for eigen-functions of the Laplacian on the cigar, 

A = \ d„e- 2 *VdetG G» v d v 

2 

= -- [d 2 p + (cothp + tanhp)<9 p + coth 2 p<9 2 ] . (2.2) 

K 

The 5-function normalizable eigen-functions of this operator can be expressed in terms of hy- 
pergeometric functions through 

r(-i + 

4?J P ,0) = „ , 1 4 e ine sinh |n| p x 

rn0V ^' ; r(|n| + i)r(-2j - 1) H 

j + 1 + LI, -j + LL, \n\ + 1; - sinh 2 p (2.3) 

where j G — 1/2 + zM describes the momentum along the p-direction of the cigar and n e Z 
is the angular momentum under rotations around the tip. For the associated eigenvalues one 
finds 

Aio = + g • (2.4) 

In the symbols (f> 3 nQ and A^ we have inserted an index '0' without any further comment. Our 
motivation will become clear once we start to look into the spectrum of the bulk CFT. Let us 
also stress that there are no L 2 -normalizable eigenfunction of the Laplacian on the cigar. Such 
eigenfunctions would correspond to discrete states living near the tip, but in the minisuperspace 
approximation one only finds exclusively continuous states which behave like plane waves at 
p — » oo. 

2.2 The spectrum of the bulk CFT 

We now turn to the discussion of the conformal field theory (CFT) on the cigar which is known 
to possess a central charge c = 2(k + l)/(k — 2). Each of the wave functions (|2.3J) in the 
minisuperspace theory lifts to a primary field in this conformal field theory. But the full story 
must be a bit more complicated. In fact, at p — > oo, the cigar looks like an infinite cylinder 
and for the latter we know that primary fields are labeled by momentum n and winding w 
around the compact circle, in addition to the continuous momentum iP = j + ■= along the 
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uncompactified direction. Hence, we expect that the full conformal field theory on the cigar 
has primary fields $> 3 nw (z,z). Obviously, the winding modes w 7^ do not show up in the 
particle limit so that the minisuperspace analysis provides no help in deciding which values 
n, w and j can run through. The answer, however, is known and goes back to the work of 
Dijkgraaf, Verlinde and Verlinde [9j. It turns out that the closed string spectrum is made of 
two different series one of which is the continuous series with 

j e + , n e Z , w e Z . 

This is the series we have argued for above. But in addition there is also a discrete series of 
primary fields for which w,n6Z are such that 



1 — k 1 



n ( N — ~\hv\ + -\n\ ) . (2.5) 



? e 7 d ■= 

This set of primary fields was first described in [Oj with a slightly different lower bound on 3. 
The bound we have written here appears in [IQ] (see also [21] for a related bound in the case 
of strings on SX(2,R) ). We shall confirm it later through world-sheet duality involving open 
strings. Let us also note that for w = 0, the discrete series is empty, in agreement with the 
minisuperspace analysis. The primary fields of these two series have conformal weights given 
by 

U _ + (n + kwf _ jQ + l) (n-kw) 2 

Kw ~ jfe-2 + 4A; Kw ~ k-2 + Ak ' ^ 

Notice that these conformal weights are all positive, as for any Euclidean unitary conformal 
field theory. In the limit of large level k, the sum h 3 n Q + h 3 n0 of the left and right conformal 
weights with w = reproduces the spectrum (|2.4|) of the minisuperspace Laplacian. 

Over each of these primary fields there is a whole tower of descendants. The spectrum of 
conformal weights appearing in these towers is encoded in products of left- and right-moving 
chiral characters. For the continuous series, the chiral characters read as follows 



= Tr (^) ^ = 9 k ■ ( 2 - 7 ) 

Here u is some real number parametrizing the SL(2,M)/U(1) chiral algebra representations 
descending from a continuous representation of SL(2, R) of spin j = — ■= + iP. In the case of 
the discrete series, the expressions for chiral characters are a bit more complicated (see also 
Appendix A), 



where ee 



s=0 



_ s(s+2 |£+I|) _ 



(2.8) 



1 if £> 
-1 if i < -1 
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Our formula for x agrees with results in [2H] as long as i > (modulo the redefinition j — > — j). 

Out of the characters we have introduced, one can build the full partition function of the 
bulk theory as follows 

Z(q,q) = djN{ - j 

,n,W) X(j,(n+kw)/2)(l) X(j,(-n+kv>)/2) 

(q) (2.9) 

n,weZ 

(?) • (2-10) 

Here, N(j, n, w) is some nontrivial density of states for the continuous representations which 
can be found in [TO] - Comparison of the conformal weights ()2.6|) with the chiral characters 
(J2.7|) and ()2.8|) shows that both in the discrete and in the continuous sectors, the closed string 

quantum numbers n, w are related to the left and right chiral representation labels u, uj through 

n + kw _ —n + kw 

to = , uj = . (2.11) 

2 ' 2 v ; 

Before we conclude this subsection let us remark that there exists also explicit formulas for the 
operator product expansions of the primary fields. We will not need them here in full generality 
and refer the interested reader to the literature (for instance, ITU |2~71 128])- We will need, 
however, the following explicit expression for the two-point functions of primary fields 

= [5(j+f + l)+K(j,n,w)5(j-j')\ (2.12) 

with 

ni w) = ^ m + 1) n-j + ^n- 3 + ^) r ( i + ^(2 J + i)) 

u " J " b r(-2j-i) r(j + i + ^)r(j + i + ^H) r(i-6 2 (2 J + i)) 1 ' J 

and the standard notations 

1 T(l-b 2 ) 

* = ■ J ■ ( 2 - 14 ) 



fc-2 ' r(i + 6 2 ) 

The quantity (J2.13J) is known as reflection amplitude since it describes the behavior of the fields 
& nw under the reflection j — > — j — 1, 

& nw (z,z) = U{j,n,w) $-l-\z,z) . 

Observe that the bulk two-point functions become singular for fields from the discrete series 
because of the factors T(—j + n± £ w ) ■ This singularity is caused by the specific normalization 
we have chosen in which the discrete fields are obtained from the continuous series through 
analytic continuation. Working with such a normalization is not really problematic since the 
divergent terms will cancel each other in all physical quantities. Let us also point out that due 
to the presence of the 5-function, the two-point functions are infinite whenever j = j'. The 
origin of this divergence is obvious: it is related to the infinite volume of the cigar and can 
be regularized by introducing a cut-off V . We will not do that explicitly, but eventually it is 
important to keep the issue in mind. 
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Figure 2: The cigar from if 3 



2.3 Coset construction from H% 

Our aim here is to outline how the quantities of the previous subsection can be recovered from 
the theory on the 3-dimensional Euclidean space if 3 ~ SL(2, C) /SU(2) . The latter is related 
to SL(2, R) by a Wick rotation. An exact solution of this closed string background has been 
proposed in [23111] and it has subsequently been verified in J3UI- Since the cigar geometry can 
be constructed as a coset i/3 /R of H% the two conformal field theories are certainly closely 
related, though there exist some important subtleties. 

Let us first understand how the descent from H 3 to the cigar works in the framework of 
the minisuperspace model. On H3 we use a third coordinate r 6 R in addition to the two 
coordinates p and 9 we have used for the cigar (see figure I2~3J) . The metric on if 3 takes the 
form 

k 

ds 2 = — (dp 2 + cosh 2 p dr 2 + sinh 2 p d6 2 ) . 

Furthermore, there is a non-trivial B-field and the dilaton on H 3 is constant. Using this 
information we can write down the Laplacian A H of the minisuperspace theory, 

2 

A H = — — [d 2 + (coth p + tanh p) d p + cosh" 2 p d 2 + sinh" 2 p df\ . 

Eigen-functions </>„^ of this operator are labeled by three quantum numbers (j, n, p) where 
p G IR denotes the momentum along the r-direction, i.e. the eigen-value of the operator id T . 
Explicit formulas for the eigen-functions of H are easy to find (see e.g. P). From the following 
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formula for the difference between the Laplacians on H3 and the cigar 

1 



A H -A = ~ 

k 



cosh 2 p 



dl + dl 



we can read off that eigen-functions and eigen- values of the Laplacians in the two backgrounds 
are related by 



<&(P,0) = 4>ni=o(P,0,T) , K,o = A^ =0 + ^- = - ~ JV V ^ + ^r • (2.15) 



n 2 _ 2j(j + l) | n 2 
^2ik k 2 k 



Note that the formula for the eigen- values of the Laplacian on the cigar agrees with the expres- 
sion ()2.4)1 we have given in the previous subsection. In passing let us remark that we can obtain 
a minisuperspace analogue of the reflection amplitude ()2.13|) from the corresponding quantity 
in H 3 (sec e.g. [29J) through 

r(2 J + i)r 2 (-j + f) 



K (j,n) = n H {j,n,p = 0) 



r(-2j-i)P( J + i-«< 



2/ 

This agrees with the results of the direct minisuperspace analysis in [5] and it coincides with 
the semi-classical limit of the exact result ()2.13D . 

Let us now describe the coset construction for the full conformal field theory. As usual, the 
primary field of the coset if 3 /U(l) can be constructed in the product theory if 3 x U(l) of 
the H3 conformal field theory with a 1-dimensional free space-like bosonic field. To be more 
precise, we continue by listing a few facts about the U(l)-model, i.e. the theory of a single free 
bosonic field X that is compactified on a circle of radius R = V%k- The field X possesses the 
propagator 

(X(z,z)X(w,w)) = \og\z — w\ 2 

and satisfies X = X + 2ttR. The latter condition instructs us to consider the following set of 
local exponentials, 

V nw (z,z) ■= e ' > viz w 

where a — |(n + kw) and a — |(n — kw) and both n and w are integers. These exponential 
fields possess the following conformal dimensions 

«■ - {n + kw)2 and h nx - {n ~ kw)2 



Let us also introduce the two chiral U(l) currents 

J(z) = i\J^dX(z,z) and J(z) = iy^ dX(z,z) . 
With respect to these currents, our vertex operators V UtW carry the charge (a, a). 
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According to the usual rules of the coset construction, we can represent primary fields for 
the cigar as products of primary fields for the if 3 -model and vertex operators in the U(l)- 
theory. Using the same conventions as in pQ, we denote the primary fields of the H 3 model 
by These fields carry a charge {\{n + ip), — |(n — ip)) with respect to the H 3 currents 

( J°, J°) (which are some components of the SX(2,C) currents of the H$ model). Hence, we 
can build primary fields $ nw which are uncharged under the currents J° + J and its conjugate 

JO _ J by ( see j 2 j) > 

& nw (z,z) = V nw (z,z)$%L ikw (z,z) (2.16) 

From this formula, the conformal dimensions of the coset field <jP nvJ can be easily determined, 
and the result agrees with eqs. (|2.6j) . 

To construct the characters of the coset model, we start from unspecialized characters of 
the SX(2,R) afline Lie algebra. For the continuous series of SL(2,M) representations in the 
H 3 model, the latter read 



where j G —\ + iR, (3 G [0, 1[ and Jq denotes the zero mode of the current J°. We multiply 
these characters with the following unspecialized characters of the U(l) model, 

Uq,z) = Z -^— , (2.17) 

to obtain characters of the product theory. Integration over the variable 9 that appears in 
z = exp 2iri6 along the entire real line gives the continuous characters x% a ) (l) °^ ^ e cose t 
model, 

/oo 
d9 X f$(q,z)Uq,z) = X c u, Q) (q) V(q)- 2 J2 S(a - (3 + r) . (2.18) 

Similarly, we can descend from the unspecialized characters of the discrete SL(2, IR) represen- 
tations 

Xf\q,z) = q — (2.19) 
to the characters ()2.8j) of the discrete series in the cigar, 

/oo 
dB xf %,z)Uq,z) = X d (j, a) (q) V(q)~ 2 E W-a + r) . (2.20) 
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Actually, the integral over the real #-axis is singular. In the following we shall adopt a regu- 
larization in which we shift the contour by an amount ie. The computation of the integral is a 
bit more involved in this case. It can be found in Appendix A. 

From the construction of the fields $ 3 nw we can immediately determine their correlation 
functions. In particular, since the compactified free boson X does not contribute to the reflec- 
tion amplitude, the cigar inherits its stringy reflection amplitude from H 3 , i.e. 7Z(j, n, w) = 
TZ n (j,n, —ikw). An expression for TZ n can be found in [2%] . 

3 The DO-branes 

Our main aim is to discuss the exact solution for the point-like branes sitting at the tip of the 
cigar. We will start with a short semi-classical discussion in which we derive a minisuperspace 
formula for the coupling of closed strings to such branes. Then we present exact expressions for 
the boundary states and the open string spectra and we explain how they can be obtained by 
descent from H3 . Finally, we show that our formulas are consistent with world-sheet duality. 
In this computation we shall see that the contributions from the discrete series of closed string 
modes are crucial. 

3.1 Semi-classical description 

It is rather obvious from a Born-Infeld analysis why point-like branes are expected to sit at the 
tip of the cigar. In fact, for a point-like brane, the Born-Infeld action reduces to 

S B i oc J d d ye~* ^Jdet{G + B + F) oc coshp . (3.1) 

The string coupling takes its largest value at the tip so that the brane can minimize its mass 
at this point. Note that the semi-classical analysis does not provide any parameters for the 
DO-branes in the cigar. In the exact solution, on the other hand, we shall obtain a family of 
branes parametrized by one discrete parameter. 

For comparison with the exact boundary state it is useful to spell out the semi-classical 
analogue of this quantity. In the minisuperspace model we only have wave-functions corre- 
sponding to closed string modes with vanishing winding number w = 0. Their coupling to the 
point-like brane at the tip of the cigar is simply given by the value of the function <^ at the 
point p = 0. Using the explicit expression ()2.3|) for the wave-function that we provided in the 
previous section, we find 

«^o> DO ) fc _ = <PUp = o) = - JX j -i) 5n =° ■ (3 - 2) 
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Note that due to the rotational symmetry of the point-like brane, only the modes with angular 
momentum n = have a non-vanishing coupling. This will remain true for the exact answer, 
but the coupling of the mode with n = will acquire a non-trivial dependence on the parameter 
b — (k — 2)~ 1 / 2 that controls the radius of the circle at infinity. 

We can also predict some features of the open string spectrum of the DO-brane. Since this 
brane is point-like, the spectrum should be discrete. Moreover, the rotation symmetry of the 
DO-brane allows the presence of states with arbitrary momentum n in the open string spectrum, 
and forbids the presence of winding open strings. These expectations will be confirmed in the 
sequel. 

3.2 The exact solution 

Let us now summarize our results for the DO-branes in the cigar and compare them to semi- 
classical expectations. We claim that there exists a discrete family of localized branes living 
near the tip of the cigar, parametrized by some integer m = 1, 2, ■ • ■ . 4 For the one-point 
functions of the bulk primary fields in the presence of these branes we propose 

/u\ I r(— j _l kw)r(—j — km) 



2 J r(-2j-i) 

sinvrfe 2 shi7r& 2 m(2j + 1) T(l + b 2 )u 3 h +1 



sin7r6 2 m sin7r6 2 (2j + 1) r(l - b 2 (2j + 1)) 



(3.3) 



In principle, there is some freedom in normalizing the one-point functions which gives rise to 
the numerical pre-factor J\f m (b) = (&qq(z = |)). Here, we fix the value of this quantity to be 



kt n\ (&\ 4 sin7r6 2 m 

Nmip) = (t ) To ■ m ■ (3 - 4) 

\ * / v 2ir sin irb z 

This choice is distinguished through our Cardy computation (see below) and it also arises when 
we descend from properly normalized boundary states in the H3 model (see appendix B and 
next subsection). 

There are several remarks we would like to make about our formula for the one-point 
function. To begin with, we should stress that it does not only give the couplings to states from 
the continuous series but that the expression is also meant to apply to the discrete spectrum 
of the theory. For the latter, however, the quantity on the right hand side is singular. We 
anticipated such singularities before in our discussion of the reflection amplitude (j2.13|) for bulk 
fields. They were explained there as an artifact of our normalization. If we would renormalize 



4 Within this section we allow m to be any integer. There are some indications, however, that m = 1 is the 
only value of m that corresponds to a physical brane in the 2D black hole (see below) . 
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fields from the discrete series such that they have a finite two-point function, then their one- 
point functions would become finite as well. 

It is also worth pointing out that our formula shares many features with the related expres- 
sion for point-like branes in Liouville theory |17] . In our case, however, there is only a single 
discrete parameter m instead of two, and all the associated branes possess a semi-classical limit 
6^0. If we set m = 1 and restrict to states with zero winding number w, we recover the 
semi-classical prediction ()3.2j) . Brane couplings for m/1 contain an additional factor m when 
b goes to zero. Hence, in the limiting regime they look like a collection of m point-like branes 
at the tip of the cigar. 

The second result we want to state here concerns an expression for the spectrum of open 
strings stretching between two DO-branes with parameters m and m', respectively. We express 
this in the form of an annulus amplitude with modular parameter q = exp 27ut, 

m+m' — 1 

^w(^) = E E [xU-j)(q) - xU- W+ i)(q)\ • (3-5) 

2J+l=max(m,m') ieZ 

The representation labels £ — J and i + J + 1 should be interpreted as the momentum of the 
open strings in the angular direction, whereas their winding is zero. The latter fact can be 
traced back to the rotational symmetry of the point-like branes, which prevents winding open 
strings from living on them (and also implies that closed strings coupling to them must have 
zero angular momentum). Of course, even though discrete states with zero winding do not 
appear in the closed string spectrum, this does not prevent them from being physical in the 
open string theory. A potentially more severe problem is the appearance of larges values of 
J for m large enough, since it threatens the unitarity of the spectrum. We take this as one 
indication that the large values of the parameter m are unphysical. 

For two equal branes with the special labels m = 1 = m', our formula (|3.5|) for the partition 
function of DO-branes simplifies as follows, 

Z^\q) = £ [X d m (q) ~ xU,?-iM = «T* (l + 2g 1+ Ug 2 + 0(g 2+ ^)) . (3.6) 

fez 

As for the point-like brane in Liouville theory, there appear no contributions from states with 
conformal weight h — 1. This means that the point-like branes do not possess marginal defor- 
mations that can move them away from the tip of the cigar, in agreement with our geometric 
intuition. However, in the limit of large k, two states become marginal. They correspond to 
displacements of a DO-brane in the flat space limit of the 2-dimensional cigar. 

Note also that at finite k the identity field is the only relevant operator of the theory. The 
same is true for a stack of such branes and, unlike in many other backgrounds, their spectrum 
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does not even contain marginally relevant fields. In a supersymmetric theory, the identity field 
is projected out and hence a stack of N DO-branes with parameter m — 1 appears to be a stable 
state with DO-brane charge N. But our theory contains a candidate for another state with 
the same charge, namely the DO-brane with parameter m — N. At least in the semi-classical 
limit, the two DO-brane charges indeed agree. On the other hand, it is not hard to see that the 
DO-brane with parameter m = N has lower mass than the stack of DO-branes with parameter 
m = l. Recall that the mass of a D-brane is the one-point function of the identity operator. 
Hence, up to some fc-dependent pre-factor, the mass of the N th DO-brane is given by sm7ib 2 N 
which is strictly smaller than the total mass Nsimrb 2 of the stack. We can only reconcile 
this with the stability of the stack if we declare the DO-branes with m > 1 to be unphysical. 
Support for this solutions also comes from the analysis of the spectrum of open strings that 
stretch between DO and D2-branes (see below). Let us finally also point out that even in a 
supersymmetric theory the DO-brane spectra with m > 1 contain a large number of tachyonic 
modes and hence would be unstable. 

3.3 DO-branes from descent 

We have to justify our expressions for the boundary states ()3.3|) and spectrum ()3.5|) of the DO- 
branes in the cigar. Our basic strategy is to "descend" from the known S 2 -branes in H 3 pQ. 
The full consistency of those S 2 -branes has not been proved, but they satisfy two nontrivial 
consistency checks. First, their boundary state was shown to solve constraints coming from 
the factorization of bulk two-point functions PQE]. Furthermore, consistency with world-sheet 
duality has been checked. Since these branes are compact, the annulus amplitude is built from 
a discrete set of open string modes. A generalization of this Cardy-type computation is spelled 
out in Appendix B. 

Let us point out that the S 2 -branes in do not have a clear geometrical interpretation. In 
fact, they look like spheres with an imaginary radius (see pQ). This is not too surprising since 
H 3 also suffers from an imaginary Neveu-Schwarz 5-field. On the other hand, such pathologies 
are cured when we pass down to the cigar and consequently the DO-branes are good, physical 
objects. 

To obtain the exact expression for the coupling of closed string modes to the DO-branes 
we follow the simple prescription that is encoded in the product formula ()2.16j) for the bulk 
field & nw . In other words, we construct the one-point functions for the cigar as a product of 
one-point functions for an S 2 -brane in H 3 with a one-point function of the U(l) vertex operator 
V nw . Following the usual ideology of brane constructions in coset models [321 EHl IM| , we have 
to impose Neumann boundary conditions on the free boson. In fact, this choice guarantees that 
the resulting branes in the numerator theory extend in one direction, along the orbits of the 
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U(l) action. After passing to the coset, we are left with a compact object again. 

It is now easy to explain the origin of the formula (|3.3j) . To this end we rewrite the one- 
point function of the S 2 brane in H 3 (see pQ) in terms of the continuous momentum p and 
the angular momentum n, 



WM)>™ = S n ,oM m (h) V r( _ a 2j-l) X 
sin irb 2 sin nb 2 m(2j + 1) T(l + b 2 )v 3 h 



sm7rb 2 m sinvrfe 2 (2j + 1) r(l - b 2 (2j + 1)) 



_, 2j(j + l) 
2 



(3.7) 



Here, M m (b) is the same factor (J3.4j) as in the last subsection. Though this factor has not been 
spelled out in pQ, it is implicit in the discussion and we compute it explicitly in Appendix B. 
As explained above, the expression (|3.7|) needs to be multiplied with the following one-point 
function for the U(l) vertex operators 



(V mo (z ) z)) N = 6 nfi {k,2) l, (3.1 

\z — z\ 2 



where the superscript N stands for Neumann boundary conditions. If we finally replace p 
by —ikw, we end up with the expression ()3.3|) for the one-point function in the presence of 
D0-branes. 5 

In order to deduce our formula (J3.5|) for the open string spectrum on the DO-branes, we 
start from the unspecialized partition function ()B.4)) of the S 2 -branes. Each character in this 
partition function can be decomposed into Fourier modes labelled by an integer I. This corre- 
sponds to the decomposition of affine SL(2, M) representations into sectors of the non-compact 
parafermions. Our prescription for the open-string spectrum on the DO-branes is simply to 
sum all those coset representations, just as in the construction of B-branes in SU(2)/U(1) from 
maximally symmetric branes in SU(2) 



3.4 Cardy consistency condition 

We are now prepared to demonstrate that our exact solution is consistent with world-sheet 
duality, i.e. to show that after modular transformation the annulus amplitude ()3.5|) can be re- 
interpreted as an overlap of the boundary states which are encoded in the one-point functions 
(J3.3J) . Though this computation can in principle be performed without any input from the H 3 
theory, using some of the quantities associated with the spherical branes on H 3 turns out to 
be quite useful. The coset model computations, however, are more complicated because they 

5 The extra factor (—1)"™ in eq. has been introduced to ensure consistency with the world-sheet duality 
(see below). 
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involve contributions from discrete closed string states. There are no such discrete states in the 
bulk spectrum of if 3 and hence the overlap of the boundary states for spherical branes in H3 
contains no discrete contributions. On the cigar such terms are claimed to appear and we will 
see that this is indeed the case. 

Our strategy here is to start on the open string side, i.e. with the amplitude ()3.5|) . The 
modular transformation to the closed string world-sheet is then performed in two steps. First 
we rewrite the open string amplitude on the cigar in terms of the corresponding quantity for 
spherical branes on H 3 using the following formula, 

/OO /"OO 
d6 / daUq,z)Z% ml (q,z) , (3.9) 
-00 J —00 

where ( a was defined in (j2.17|) . It follows directly from our description of the coset construction 
(see formula (j2.20|0 and can be verified by inserting the explicit expressions ()3.5|) and (|B.4|) for 
the two annulus amplitudes. In a second step, we modular transform the annulus amplitude of 
the spherical brane. Some relevant formulas can be found in Appendix B (see in particular eq. 
()B.2jl ). After having rewritten the partition function in this way, we arrive at the expression 



Z°L(g) = -2r}(q)\[?^- [ d9 f dP f f ? - V sinh 2nb 2 P(2J + 1) sinh27rP# . (3.10) 
V -it J J V!(q,z) *y 

Here, q = exp2iriT and the summation over J has the same range as in eq. ()3.5|) so that, in 
particular, (2 J+ 1) is an integer. We also recall that the parameter 9 appearing in z = exp 2ni9 
is given by 9 = 9/t. In the derivation of eq. (J3.1U|) from eq. (J3.9j) we have performed the integral 
over a. 

Now we want to invert the integrations over 9 and P. But the integrand has poles along 
the real #-axis. Hence, we first have to displace the 9 integration contour slightly, away from 
the real axis to M + it- For definiteness we will assume that e > 0, but the final answer does 
not depend on the sign of e. Using elementary techniques from the theory of complex functions 
it is possible to prove the following formula 

Insertion into our previous expression (|3.10j) for the amplitude Z™ m ,(q) gives 
ZZ'il) = "2v^ J dP $>nh 27 r6 2 P(2J + l) £ (_l)« f (3.12) 



On the right hand side we have some series containing powers of the parameter q, but the 
exponents are complex. This prevents a direct interpretation of these exponents as energies of 
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closed string states which would couple to the D-branes. To cure the problem, we exchange the 
summation of n with the integration over P and we substitute P by the new variable 

in each of the summands. P n is integrated along the line R — in /2b 2 . The crucial idea now is to 
shift all these different integration contours back to the real line. This will give contributions 
associated with the continuous part of the boundary state. But while we shift the contours, we 
pick up residues from the singularities. The latter lead to terms associated with the discrete 
series. To work out the details, we split the partition function into a continuous and a discrete 
piece, 

Note that this split is defined with respect to the closed string modes. In terms of open string 
modes, our partition function contains only discrete contributions. According to our description 
above, the continuous part of the partition function reads as follows 

Z< (a) ~ -2VVk fdP V 9 ~ fe2P2+K T( 1? J W ™h2nb 2 P(2J + l)sinh2.P 
Z mm ,(q) - 2VbkJdP^ (T 2^1) cosh 2ttP + cos nkw ' ^ 

In writing this formula we have renamed the summation index from n to w. It is now not 
difficult to see that this part of our partition function can be expressed as follows 

Z c mml {q) = I dP *(_!+«>,«») (?) * m (~+iP,w)* m ,(~ + iP,w)* where 
•-(*-) ^ Mr x (3,4) 



sin7rfr 2 m(2j + 1) T(l + b 2 y b + Wsimrb 2 
X sin7r6 2 (2j + 1) 2r(l - b 2 (2j + 1)) 

The coefficients \^ m (— | + iP,w) of the boundary state that we have introduced to present our 
result for Z d are easily recognized as the couplings of the one-point functions (|3.3|) . 

After this first success we now turn to the calculation of the discrete piece of the amplitude. 
It is clear from (|3.12|) that the residues we pick up while shifting the contours give the following 
discrete contribution to the partition function 



\z d mml {q) = -2VP*X)E(- 1 ) B ^ B ' 

J 71=1 



X 



X 

m=0 



^ ""I A-2 J ' (3 ' 15) 
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Here, E(x) denotes the integer part of x. A careful study of the energies which appear in this 
partition sum shows that the contributing states can be mapped to discrete closed string states 
with zero momentum. The latter are parametrized by their winding number w and by their 
spin j or, equivalently, by the label £ = ^ + j G Z, and the level number s as in the character 
()2.8j) . The map between the parameters (w,£, s) and the summation indices (m, n) of formula 

(Ennp is 

m = £ — w , n = s + w . (3.16) 

It can easily be inverted to compute the labels (w, £, s) in terms of (m, n), 

/2m + l\ „ /2m+l\ /2m + l\ . . 

In terms of j and w, the partition function (|3.15J) may now be rewritten as follows, 

Zi m ,{ q ) = -2VVkJ2Yl E (-l) 2Jw sin( 7r(2J+1 _j (2j + 1) ) x<j&® ■ (3-18) 

It remains to verify that the coefficients of the characters coincide with those derived from 
the boundary state ()3.3j) . In our normalization, the boundary coefficients *f? m (j,w) are given 
through the same expression ()3.15|) as for the continuous series but we have to divide each 
term in the annulus amplitude by the non-trivial value of the bulk two-point function ()2.12j) of 
discrete closed string states, i.e. 

zim , {q) = E E W|M ^ (4) M 

o /^ m (a;,w)^ m /(x,w)*\ d 

The second line provides a more precise version of what we mean in the first line. Recall that 
the bulk two-point correlator contains a 5-function which arises because of the infinite volume 
divergence. If we drop this 5-function in the denominator, then the result has poles and the 
physical quantities are to read off from the residues. A short explicit computation shows that 
the argument of the Res-operation in eq. ()3.20|) indeed has simple poles at x G J$ w and that the 
residues agree exactly with the coefficients in formula (|3.18|) . just as it is required by world-sheet 
duality. 

4 The Dl-branes 

We now turn the construction of a 2-parameter family of 1-dimensional branes on the cigar. All 
these branes stretch out to p = oo and hence they are non-compact. Our discussion follows the 
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pattern of the previous section. We shall begin with some remarks on the semi-classics and then 
spell out the one-point function and the open string spectrum. Because of the non-compactness 
of the branes' world-volumes, their open string spectrum is continuous and it involves some 
non-trivial spectral density. Both quantities, the exact one-point functions and the open string 
spectra, are obtained rather easily from the corresponding quantities for the Euclidean AdS2 
branes in H 3 (see [DEI) since there are no complications associated with the discrete series on 
the cigar. The section concludes with a Cardy-type consistency check of world-sheet duality. 

4.1 Semi-classical description 

The Dl-branes in the cigar are most easily studied using a new coordinate u = sinh p along 
with the usual angle 9. We have u > and u = corresponds to the point at the tip of the 
cigar. In the new coordinate system, the background fields read 

, , k du 2 + u 2 d9 2 * e* 

ds = - — = — , e* = r . (4.1) 

2 l + u 2 {l + u 2 )2 

When we insert these background data into the Born-Infeld action for 1-dimensional branes we 
obtain 



S B1 oc J dy vV 2 + u 2 9' 2 , (4.2) 



where we used the same conventions as in section 3.1 and the primes denote derivatives with 
respect to the world-volume coordinate y on the Dl-brane. It is now easy to read off that 
Dl-branes are straight lines in the plane (u = sinhp, 9). These are parametrized by two 
quantities, one being their slope, the other the transverse distance from the origin. In our 
original coordinates p, 9, this 2-parameter family of 1-dimensional branes is characterized by 
the equations 

sinhp sin(# — 9q) = sinhr . (4-3) 

Note that the brane passes through the tip if we fix the parameter r to r = 0. All branes reach 
the circle at infinity (p = oo) at two opposite points. The positions 9q and #o + tt of the latter 
depend on the second parameter 9q (see figure l4~T|) . 

Now that we have some idea about the surfaces along which our branes are localized we 
can calculate their coupling to closed string modes in the semi-classical limit. This is done 
by integrating the minisuperspace wave functions ()2.3|) of closed string modes over the 1- 
dimensional surfaces ()4.3|) . The result of this straightforward computations is the prediction 

fW„ \ D1 ) = e indo ^ + ^ ( e -r(2i+l) , (_Dn r(2j+m u 4) 

r ( 1 + J + |) r ( 1 + J _|) l e +i ^ e ) ^) 
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Figure 3: A Dl-brane in the cigar in p and u coordinates 



The minisuperspace model of the cigar does not include any states associated with closed string 
modes of non-vanishing winding number. But in the case of the Dl-branes, experience from 
the analysis of branes on a 1-dimensional infinite cylinder teaches us that closed string modes 
with w 7^ do not couple at all. Since the discrete closed string modes only appear at w ^ 0, 
they are like-wise not expected to couple to the Dl-branes. Consequently, our formula (j4.4j) 
predicts the semi-classical limit of the only non-vanishing couplings in the theory. 

Let us now come to the semi-classical analysis of the open string spectrum. Because of 
the non-compactness of the 1-dimensional branes, this is a much more interesting topic than 
for the DO-branes. From the geometry we have just described, it is rather obvious that the 
spectrum of open strings on the Dl-branes cannot contain any momentum modes along the 9 
direction. Open string winding modes around the compact circle, however, will appear in the 
exact spectrum and since there are two branches of our branes at large p, the winding number 
is expected to be a half- integer number (see figure 14. 1|) . Note that this winding number is 
certainly not conserved in physical processes since open strings can 'unwind' in the interior 
where the two branches of our 1-dimensional branes come together. 

It is also clear from the geometry of the Dl-branes that open strings can be sent in from 
infinity with any non-negative real momentum P along the radial direction. In other words, 
open strings on the 1-dimensional branes possess a continuous spectrum. The latter can be 
characterized by an interesting new quantity: an open string spectral density. As we have 
argued before, the minisuperspace model cannot say anything on strings with non-zero winding 
number. Open strings with zero winding, however, possess a semi-classical point-particle limit. 
Hence, for the modes with w = 0, we can make some prediction for the density N(j, w = 0\r, r) 
of radial open string momenta P = —i(2j + 1). In fact, by very general arguments (see e.g. 
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Figure 4: A Dl-brane in the cigar with open strings on it 
[Q), the quantity p is related the so-called reflection amplitude R(j) by 6 

w <"5 + iP > ~ W R( -\ + tP) ■ (4 - 5) 

By definition, the reflection amplitude is the ratio between the coefficients of the in-coming an 
out-going plane waves within a wave function. For the minisuperspace limit of open strings on 
Dl branes we can compute R(j) either through a direct study of the 1-dimensional Laplacian 
on the Dl-branes or by descent from the corresponding minisuperspace model of open string 
on Euclidean AdS% -branes. Both ways lead to the same answer, 

R(P, a = 0|r,r)^ = - ( coshO-M£|±g . (4 ,) 

Because of the rotational symmetry, the reflection amplitude does not depend on the angular 
parameter 9q. The geometrical picture we have outlined in this subsection along with the 
two precise predictions (j4.4j) . (j4.5|4.6j) we made for the semi-classical limit of the bulk one- 
point functions and the open string spectral density will be confirmed nicely through our exact 
solution. 

4.2 The exact solution 

In this subsection we shall present our proposal for exact boundary conformal field theory 
quantities describing 1-dimensional branes on the cigar. We claim that the exact solution 
is parametrized by two continuous parameters r and 8q, just as in the semi-classical limit. 
Expressions for the one-point functions of closed string fields $ in the Dl-brane background 



6 A more careful discussion must take into account that the spectral density itself is divergent. The divergence, 
however, is universal, and it can be removed, e.g. by considering relative spectral densities. 
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were already proposed in [T], 

(^.(M))^, = S wfi Af'(b)e^ {2k) -i r(1+ .^ r + (1 1} + -_ f) x 

( e -r(2i+i) + (.^i)) r(l + 6 2 (2j + 1)) ^ -1 — (4.7) 



where the prefactor is J\f'(b) = (86 2 ) -1 / 4 . Of course, the expression f)4.7|) correctly reproduces 
the semi-classical expression f!4.4|) . The precise matching justifies the identification of the 
parameter r and 9q in the one-point function with the geometrical parameters r and 8q from 
the previous subsection. We also point out that the one-point functions possess poles whenever 
b 2 (2j + 1) = ib 2 P is a negative integer. As in the case of extended branes in Liouville theory 
[T6] . these poles can be traced back to the non-compactness of our branes. 

In addition, we want to spell out the density of open strings living on a Dl-brane. For 
symmetry reasons this depends only on the parameter r, not on the angle 8 . As usual, the 
large volume divergence of the spectral density can be regularized by introducing a cut-off in 
the coordinate p. Since the divergence of the spectral density is universal, the cut-off can be 
sent to infinity in relative spectral densities. To be more specific, we will subtract the spectral 
density of the brane with label r = 0, i.e. consider the quantity 

1 d , R(—l+iP,w\r,r) 
AN(P,w\r,r) := T^^og—-^ ' , { . 4.8 

In this formula we have expressed the relative spectral density through a quotient of the asso- 
ciated stringy reflection amplitude. We can now express our proposal for the relative spectral 
density in terms of formulas for R(— | + iP, w\r, r). As we observed previously, the open string 
winding number w is expected to take values in w G |Z. Our formulas for R(j, w) will turn 
out to depend on whether w is integer or not. In the former case, R(j, w\r, r) is given by 

, 1 , x P rl(±-iP + l) r fc (2iP + i) s®(-b + p) , N 

R( — + iP,weZ\r,r) = vf-gg yt — 7- ^ " 4 - 9 

2 i,) b m+tp+±) v k {-2ip+±) si\^-p) 1 ] 

■ , , riii\t x n n (G\i x ■ f°° dt ( sin2t6 2 x x\ « nS 
w.th logS*>(«) = logSfV) = ,j[ T ( 2sinh62t5inhf - 7 ). (4-10) 

Note that the reflection amplitude does not depend on the open string winding number w as 
long as it is integer. For reasons that we will review below, open strings with integer winding 
number on a Dl-brane in the cigar possess the same spectral density as open strings on an AdS2 
brane in AdS% PQ. Similarly, for open string modes with w G \ + Z we propose a reflection 
amplitude of the form ()4.9jl but with 

„a), . , _,m, , . f°° dt ( cosh t sin 2tb 2 x x\ --n 
\0gSt\x) = logSHz = i\ - 77-7^757— T7 " T • (4-H) 



o t \ 2 sinh b 2 t sinh t t 
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The associated spectral density coincides with the spectral density of open strings stretched 
between two opposite AdS2 branes in AdS$ [18] . For this reason we shall often denote 
AN(P,w),w G \ + Z, by AN(P\r, — r), and we shall also use the symbol R(P\r, —r) for the 
reflection amplitude R(P,w\r,r) with w G \ + Z. 

Finally, we provide a prescription for how to compute the density of open strings stretching 
between two Dl-branes with different labels r, r'. At the same time we want both branes to 
possess identical angular parameter 9q. This implies that the two branes coincide at p = oo 
so that the winding number w continues to take values in |Z. The density of open strings 
stretching between two such branes (r, 6q) and (r', 9$) is given by (see [IB] for a related formula 
in the case of AdS2 branes in AdS^ ) 



(qn I qn^ qn I qn^ ^\ / qn qn^ nr*' qn \ 

P,w —^-,—^-j+AN\P,w — —) 



(4.12) 



This relative spectral density features in the following expression for the relative open string 
partition function of the Dl-branes, 

(^,W,*o) - Z mme a) ) (?) = [ dP J2 AN ( P Mry) Xl h+ip , w) (q) • (4.13) 

In the special case r = r' we shall later reproduce quantity (]4.1Hj) through world-sheet duality 

starting from the one-point functions for Dl-branes that we have proposed above. 

Let us also briefly point out that for r = r' and w = 0, the semi-classical limit of our 

expression for the relative spectral density AiV agrees with the expression (]4.6j) above. In fact, 

with the choices we have made it is easy to show that 

1 r°° dt /cos — l\ 1 
lim AMP, 01 r,r) = - / — = -logcoshr . (4.14) 

k->oc 7T J t Vsinht t J 7T v ; 

We would like to stress that the quantity AN(r, — r) which appears in AN(r, r') does not 
possess a well defined semi-classical limit. Given the geometrical setup we have drawn above, 
this does not come as a big surprise, but it still can be considered a test of the conformal field 
theory solution. 

For completeness, let us mention that we also expect discrete open string states to live 
on Dl-branes in the cigar. This is a consequence of similar results for AdS2 branes in AdS^ 
(reviewed in [2H])- However, this discrete part of the spectrum does not depend on the brane's 
parameter and thus does not contribute to relative spectral densities. 

4.3 Dl-branes from descent 

To obtain the Dl-branes on the cigar from the H 3 model, we follow the same strategy as in 
subsection 3.3, only that this time we start with the Euclidean AdS2 brane on H 3 . Further- 
more, when we insert the product formula ([2.16)1 into the one-point function, we have to impose 
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Dirichlet boundary conditions on the free boson. With such a choice, we obtain a 2-dimensional 
brane in the numerator theory which then descends to a Dl-brane on the cigar. 

We recall from PQ that the Euclidean AdS^ -branes are characterized by the following set 
of one-point functions 



x (e-W+i) + (_l)» e ''W+ 1 )) r(l + 6 2 (2j + 1)) !— j . (4.15) 

\Z — Z\ i 

The pre-factor N'{b) is the same as in eq. (J4.7)) We also need the one point functions of the 
U(l) vertex operators. In case of Dirichlet boundary conditions on the free boson they read 

(V nw (z,z)) D = 5 wfi {2k) '^ , (4.16) 

\z — z\ 2fc 

Our expression ()4.7|) corresponds to taking the product of eqs. (|4.15|) and ()4.16|) with p being 
replaced by —ikw. 

The AdS<z branes in if 3 extend along the time direction which we Wick-rotate and then 
gauge in order to obtain the cigar. Thus, in the terminology of |32j, the Dl-branes in the cigar 
should be thought of as non-compact A-branes (see figure fOj) . As in the compact case, the 
properties of A-branes are very easily deduced from those of parent branes. In particular, the 
open string density of states on a single brane is given by the same function N(P\r, r). 

Only the appearance of the winding number w in the open string spectrum makes the story 
a bit more subtle. In the context of Ad S2 branes in Ad S3 , we interpret 2w as counting the 
number of spectral flow operations. It is well known that for r ^ only an even number of 
spectral flow operations preserves the spectrum of open strings living on an AdS2 D-brane 
|331 EE] . If we apply an odd number of spectral flow operations to an open string with two 
ends on the same AdS-z brane then one of its ends gets mapped to the opposite D-brane with 
parameter — r, see figure 14.31 These considerations explain why the spectral density for Dl- 
branes on the cigar depends only on the parity of 2w and they identify the density of open 
strings with w E Z + | with the quantity N(P\r, —r) that was computed for branes in H% 
(see jlH])- The same reasoning applies to the more complicated case of open strings stretched 
between two Dl-branes with different parameters r, r'. 

4.4 Cardy consistency condition 

As in our discussion of the DO-branes we conclude the section in the Dl-branes by showing that 
the exact solution we have proposed is consistent with world-sheet duality. Our presentation 
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Figure 5: A Dl-brane in the cigar descending from an AdS^ brane in H 3 




will be rather brief since most of it is rather similar to the case of AdS2 branes in AdS^ (see 
Pl^]). In particular, we will restrict our computations to the case r = r'. 

Our main aim is to show how the two contributions from toGZ and w G \ + Z in the open 
string partition function (|4.13|) arise from world-sheet duality. To this end, we start from the 
closed string amplitude 7 

/ 1 1 
dP Yl X C (P,n0 *M>)(-2 + iP ' n ) *(^,«b)( - 2 + iP > n Y where 

* M „,0» = r^ffffi,...) x (4-17) 

x ( e ~r(2i+l) + (_ 1 )n e r(2i+l)J r ^ + fe 2^- + ^ ^' + | 

are the couplings of closed strings to Dl-branes which can be read off from eq. (|4.7|) . In our 
computation of this amplitude for the special case r = r' we shall focus on the n-dependence 
since this is what distinguishes the calculation from the case of AdS% branes in if 3 . For the 
integrand of the amplitude Z we obtain 

2 1 1 



9 

oc cosh 7rP cos 2rP >, Q 4k + sinh 7rP sin 2rP y. Q 4k 

ng2Z nS2Z+l 

Here we used that the quantity \l/(., n)\l/(., n)* depends on n only through its parity. Neverthe- 
less, the infinite sum over n is convergent thanks to n-dependent factor exp(—2irin 2 / 4kr) that 
comes from the coset character (J2.8|) . It is now straightforward to rewrite the previous quantity 

as 

1 2 

= (cosh 2 vrP cos 2 2rP + sinh 2 vrP sin 2 2rP) - ^ + ( 4 - 18 ) 

1 2 

+ (cosh 2 7rP cos 2 2rP - sinh 2 vrP sin 2 2rP) - (J^ - ^ ) ^ ( 4 - 19 ) 

n£2Z n€2Z+l 

oc cos 2 2rP <J kW * + cosh2vrP cos 2 2rP ^ g^ 2 + r - indep. (4.20) 

The last step was a Poisson resummation which changed n into 10. This shows how the two 

sectors with w6Z and u> G Z + ~ appear in the open-string spectrum and that their densities 

differ by a factor cosh27rP. After modular transformation, the extra factor gives rise to the 

cosh t factor that we introduced in the definition of the special function (J4.11j) and that is not 

present in the corresponding quantity (j4.1()j) for integer winding number w. 

7 To be precise, this quantity again diverges with the volume and to make it well defined, one should either 
divide by the volume divergence or subtract the same amplitude for a fixed reference brane r = (see the 
discussion in pQ). 
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5 The D2-branes 



After having discussed DO and Dl-branes we are left with one more species of branes. These are 
2-dimensional objects that extend all the way to p = oo. They can carry a 2-form gauge field 
F and hence are characterized by one real parameter. In the first subsection we shall argue for 
the existence of such branes using the Born-Infeld action. The explicit formulas we derive for 
the various open string background fields can be employed to derive a minisuperspace formula 
for the spectral density of open string states ending on the D2-branes. We present our exact 
solution for D2-branes in the second subsection before explaining how it may be obtained by 
descending from certain 2-dimensional branes in H3 . Finally, we check the consistency of our 
proposal for the bulk one-point function and the open string spectral density with world-sheet 
duality. We shall show, in particular, how discrete open string modes on the D2-brane emerge 
within this Cardy computation. 

5.1 Semi-classical description 

The main feature that distinguishes the D2-branes from the branes we have discussed above is 
that they can carry a world- volume 2-form gauge field F = F p gdp A d9. In the presence of the 
latter, the Born-Infeld action for a D2-brane on the cigar becomes 

Sbi oc J dpdO cosh pyj tanh 2 p + F 2 e . (5.1) 

We shall choose a gauge in which the component A p of the gauge field vanishes so that we can 
write F p = d p Ag. A short computation shows that the equation of motion for the one-form 
gauge potential A is equivalent to 

F 2 = fi 2 tanh 2 p 
pe cosh 2 p — P 2 

If the integration constant (3 is greater than one, then the D2-brane is localized in the region 
cosh p > (3, i.e. it does not reach the tip of the cigar. We will exclude this case in our semi- 
classical discussion and assume that (3 = sin a < 1. The corresponding D2-brane cover the 
whole cigar. Integrating eq. ()5.2|) for the field strength F p g = d p Ag furnishes the following 
expression for the gauge potential 

I tancr \ 

Aq(p) = a — arctan I — = . (5.3) 

In our normalization Ag(p = 0) = 0, the parameter a is the value of the gauge potential Ag at 
infinity. When this parameter a tends to a = |, the F-field on the brane blows up. We should 
thus consider a = | as a physical bound for o. 
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Let us point out that the F-field we found here vanishes at p = oo. In other words, it is 
concentrated near the tip of the cigar. By the usual arguments, the presence of a non-vanishing 
F-field implies that our D2-branes carry a DO-brane charge which is given by the integral of the 
F-field. Like the F-field itself, the DO-brane charge is localized near the tip of the cigar, i.e. in 
a compact subset of the 2-dimensional background. Hence, one expects the DO-brane charge, 
and therefore the parameter a of the D2-brane, to be quantized. Another way to argue for 
such a quantization is through semi-classical charge conservation jHZj- Note that the difference 
of two D2-branes with parameters a and a' is a 2-sphere if we do not allow for deformations of 
the circle at infinity. This implies that the difference of the D2-brane parameters must be an 
integer m, [37] 

Tfl 

a -a' = 2tt— , m e Z . (5.4) 
k 

We shall see later that a 'quantum corrected' version of this condition is needed in order to 
obtain a sensible spectrum of open strings between the two D2-branes. 

Our next aim here is to predict the semi-classical limit of the open string spectrum on the 
D2-brane. This quantity can be obtained by analyzing the corresponding following open-string 
Laplacian, 

A0 = „ , 9 M e~ 2$ °Vdetg 0S G%d v . (5.5) 

Note that A os differs from the closed string Laplacian A in that it involves the open string 
metric G os and dilaton $ os . We can determine the latter from the explicit formulas for the 
metric g and the dilaton $ of the cigar geometry. For the open string metric G os = g — Fg~ x F 
we find 

k 1 

d s ls = o 2 2 — (cosh 2 p dp 2 + sinh 2 p d8 2 ) . (5.6) 

2 cosh p — sin o 

Similarly, the open string dilaton is given by 



e*" = e* ^det(g + F)g-i oc ^== . (5.7) 

' p — sin a 



Inserting both expressions into eq. (|5.5|) . the open string Laplacian takes the form 

k 2 2 . 2 cosh 2 p — sin 2 o~ _ 2 . 

- -A os = . dotanhp (cosh p - sin a)a p H —5 o e . (5.8) 

2 smh2p smh p 

The spectrum of this operator is the semi-classical limit of the open string spectrum on a 
D2-brane. As usual, the corresponding spectral density can be constructed from the reflection 
amplitude, i.e. from the behavior of eigen-functions under the reflection j — > — j — 1. Let us 
only quote the results of this investigation: it turns out that the spectrum contains all values 
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A J = + l)/k + n 2 /Ak with j = —\ + iP, and that the cx-dependence of the reflection 

amplitude is given by 

R(j,n\a,a) k ^oo °c (cos 2 a) 2j+1 . (5.9) 

This information suffices to find the relative spectral density of the system. We also note that, 
for obvious geometric reasons, we do not expect to find open string states with non-zero winding 
number in the spectrum. 

5.2 The exact solution 

Concerning the 2-dimensional branes we claim that there exists a 1-parameter family of exact so- 
lution. Just like the branes in our semi-classical discussion, the exact solutions are parametrized 
by a real parameter o which now can take values in the interval 

a E [0, ^(l + & 2 )[ • (5.10) 

Note that this interval shrinks to its semi-classical analogue as we send b to zero. For the 
associated one-point functions of closed string modes in the presence of a D2-brane we propose 



r(j + 1 + if ) r(i + 1 - !f) 



x (fc/2)4 r(2j + 1) r(i + b 2 (2j + 1)) ^ ^— — (5.ii) 

\Z — Z\ ow~ tn Ow 

where J\f'(b) = (86 2 ) -1 / 4 is the same factor as for Dl-branes. This formula holds for closed 
string modes from the continuous series. It also encodes all information about the couplings of 
discrete modes, but they have to be read off carefully because of the infinite factors (see the 
discussion in the case of DO-branes). 

The construction of the open string partition functions or rather of their spectral densities 

uses the same objects that we introduced in our discussion of the Dl-branes. We are able 

to write down a consistent spectrum of open strings stretching between two D2-branes of 

parameters a, a' only if they satisfy the condition 

/ > ) 

a-a' = 2tt- , meZ . (5.12) 

k 2 

This is a fc-deformed version of the semi-classical condition ([5.4)1 . We claim that under the 
above condition, the open string spectrum between the branes a and a' contains the same 
discrete open string states as open string spectrum of one DO-brane of parameter m (see eq. 
IH.5j) . and continuous states with relative spectral density 



AN(P,n\a,a') = AN [P 



i^,i^)+AN[P 



28 



.a — a' a' — a 



. (5.13) 



The relative density AN(P, n\a, a 1 ) = AN(P, 0\a, a') is the same as for open strings with 
w G Z on a Dl-brane but with the real brane parameters replaced by purely imaginary ones. 
In formulas we claim that 8 

Z» 2 (q) = [dP^ &N(P,n\a,a') X?_ i+iPfB) (g) - Z^q) (5.14) 

where m = (a — a')/2irb 2 G Z. Note that the density of continuous open string states diverges 
when reaches the upper bound f (1 + b 2 ) of eq. (|5.1()jl . Based on the explicit formulas for 
the open string spectral density we are now able to identify the parameter a that enters the 
exact solution with the parameter a in our semi-classical analysis. To this end we evaluate the 
exact formula for the spectral density in the semi-classical limit 6^0 and compare the result 
with the semi-classical density obtained from eq. (|5.9jl . The details are left to the reader. 

5.3 D2-branes from descent 

We obtain the D2-branes by rotating the Euclidean AdS-i -branes in if 3 and then descending to 
the cigar (see figure EH - The relevant rotation matrix U can be found 1J and the corresponding 
one-point function are easily worked out, 

(*%(z,z)) r = Af'(b)5 n , [C>{ P )e-^ + C>{-p)e^] ^f^ffi + * )} ,(5-15) 
where the function C'Ap) is defined through 

r(2j + i)r(- J + ^/2) 



C5(p) = f dyy-^- l+ ^\y 2 -l\^ 
Jo 



2T(j + l+ip/2) 

Once more we multiply this by the one-point functions ()3.8|) of a free boson with Neumann 
boundary condition and insert p = —ikw to obtain our formula ()5.11|) for the bulk one-point 
function of a D2-brane. The AdS2 brane parameter r is related to the parameter a in the 
2-form field strength ()5.2|) on D2-branes via r = ia. Let us mention that we could introduce 
a second parameter by shifting the branes in H3 along the r direction. This extra freedom is 
associated with turning on a Wilson line. Since it enters simply as w-dependent phase, we will 
not consider this any further. 

The D2-branes on the cigar can be considered as non-compact analogues of the B-branes 

in the coset SU{2)/U{\) (see [32J). In fact, the [/-rotated Euclidean AdS2 branes in H 3 from 

8 Before version 3 of this paper, there was a sign mistake in this formula: the contribution Z^ n (q) appeared 
with a + sign. This was due to a sign mistake in the coefficient am (|5.22|l which is now corrected. We 
should however not hurry to conclude that the corresponding D2-branes configurations are inconsistent. Indeed, 
we computed relative partition functions. We can therefore make no claims about absolute signs of state 
multiplicities. We would like to thank Dan Israel, Ari Pakman and Jan Troost for bringing this mistake to our 
attention. 
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Figure 7: A D2-brane in the cigar descending from an H2 brane in SL(2, M) or H3 



which we descended to our D2-branes may be Wick rotated into H 2 branes in Ad S3 . The latter 
are localized along the surfaces 

coshp sint = sin a , (5.16) 

i.e. along conjugacy classes of SL(2, R) . Notice that D2-branes with coshp > (3 which cover 
only part of the cigar should likewise be related to the unphysical dS 2 branes in AdS3 

5.4 Cardy consistency condition 

Our last task here is to evaluate the annulus amplitude between two D2-branes of parameters 
a and a' from the boundary states (j5.11j) and to compare the answer with our expression 1)5.13)1 
for the open string spectrum. Using the couplings ^> a in the boundary states, we can compute 

Z» (4) = Jdj £ »'tt»>W W » • (5,7) 

As it stands, this is just a formal expression in which the 'integral' runs over both continuous 
and discrete series. The two-point function in the denominator is trivial in the case of the 
continuous series but is has a non-trivial dependence on the labels of discrete closed string 
states. We can spell out the integrand of eq. ()5.17)) explicitly, in a form that is valid for discrete 
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and continuous values of the spin j, 



(HwHw) sin27rj sin7r6 2 (2j + l 



■x 



2 cos( 2j + !)(, + a') + Si ^0- + f) + ^ ■ 

sin7r(j-^) S i nvr (j + ^; 



22 o -i(2i+i)(«T-<7') M bm/l U aj g^j+i)^-^) 



(5.1? 



In order to modular transform the annulus amplitude (|5.17j) we employ simple trigonometric 
identities and rewrite the previous formula for the coefficients as 



(HA) sin^(2 J + l) 

where the four terms in the brackets are given by 



{a/ + an + am + a IV } , (5.19) 



sin 2nj 

a n = cos(2j + l)(a - a') coth27rj (5.21) 

o m = -cos(2j + l)(a-a0 sm2 ^ ( 5 . 22 ) 

cos 2irj — cos 7rfcw 

,. sinnkw 

a IV = i sin (2j + 1 ((7 - a') — — . 5.23 

COS Z7TJ — COS TX KW 

Let us note that the fourth term a\y does not contribute to the annulus amplitude because it 
is odd in w. The three other terms, however, are real and non-vanishing. Contributions from 
the discrete closed string states are encoded entirely in the third term am. In fact, discrete 
states can only contribute through singularities of the integrand (see subsection 13. 4|) and the 
terms aj and ajj are finite for physical values of j in the discrete series 9 . The term am, on the 
other hand, is infinite when (j, w) fall into the set of physical discrete states. The associated 
contribution to the annulus amplitude is given by the residue of the pole. With this in mind it 
is not hard to see that the term am furnishes both the continuous and the discrete closed string 
modes' contributions to the annulus amplitude of a DO-brane with parameter m = (a — a') , 
provided this m is an integer (see equations (j3.5[l3.20|) ). These contributions come with a minus 
sign. We thus recover the announced discrete part of open string spectrum on D2-branes along 
with a quantization condition for the difference a — a' of the branes' parameter. When the 
latter is not obeyed, we cannot interpret our amplitude as an open string partition function. 

We still have to deal with terms a/ and an. Their contribution comes entirely from con- 
tinuous closed string states and it is rather easy to modular transform. Indeed, the integral 

9 This may not always be true when k is rational, in which case half-integer values of j may appear in the 
spectrum. However, the positions of the corresponding poles of aj and ajj are then independent of w, and we 
believe that they should not be taken into account. 
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over P and the sum over w decouple and we find continuous open string modes with density 
(j5.13|) . Note that the computation gives a well-defined density only if the mean (a + u')/2 of 
the branes' parameters a and a' belongs to the interval f)5. lOj) . In particular, the parameter of 
any single brane has to belong to the same interval so that we obtain an exact version of the 
classical bound on a. This concludes the Cardy check for D2-branes in the cigar. 

6 Conclusion and open issues 

In this work we have presented a complete analysis of (maximally symmetric) branes in the 
2D black hole background. The main results include exact formulas ()3.3|) . ()4.7|) . (|5.11|) for the 
various boundary states and the boundary partition functions f!3.5|) . f)4.13|) . ()5.14|) . To write 
down the latter we have also presented formulas for the boundary reflection amplitudes, i.e. for 
the 2-point functions of boundary fields. It would certainly be worthwhile working out formulas 
for the spectrum of open strings that stretch in between branes of different dimension. At the 
moment we only have expressions for open strings stretching between DO and D2-branes. 

The most important information, however, that is missing for a complete solution of the 
boundary theories are the various boundary 3-point functions. Unfortunately, these are not 
known even for the if 3 theory and so finding explicit formulas for the 3-point couplings remains 
an interesting open problem for future research. Its solution would be a crucial step toward 
studying the dynamics of extended branes on the cigar (see [SH] for related work on Liouville 
theory) . 

Here we can only formulate a conjecture on brane dynamics. The first one concerns systems 
of DO-branes and a D2-brane (see also jSZl)- Given the identification of the D2-brane parameter 
o with a DO-brane charge (see last section) it is tempting to conjecture that the bound state 
between iV DO-branes with m — 1 and a single D2-brane of parameter a results in a single 
D2-brane with parameter o' = a + 2iib 2 N. In other words, we imagine a process in which 
a D2-brane absorbs a single DO-brane or a finite number thereof, as in Figure |B1 Note that 
our identification of the bound state assumes that the parameters stay in the 'physical' range 
a + 2ixb 2 N < 7r(l + b 2 )/2 and we do not have any candidate boundary state for the condensate 
if this bound is exceeded. It would certainly be interesting to verify these this proposal through 
a perturbative analysis in the exact boundary CFT (see |3*4"1 |4"U] for similar studies in the case 
of compact parafermions) . 

There exist several other issues that deserve further investigation. The most interesting 
involve the DO-branes at the tip of the cigar. We have pointed out at several places throughout 
the paper that the DO and D2-branes are non-compact analogues of the B-branes in [32J. In the 
compact case, B-branes have been used to construct symmetry breaking branes on the group 
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- CD 

Figure 8: DO-branes being absorbed by a D2-brane 

manifold SU(2) . These are either 1- or 3-dimensional. A similar construction (see |H] for a 
more systematic treatment) can be applied to the DO-branes in the 2D black hole and it provides 
us with a brane that stretches out along the 1-dimensional line p = in H 3 . The existence of 
such symmetry-breaking branes in SL(2, M) can also be inferred from a semi-classical analysis 
|^2*l 145] , but their exact construction was not known before (see 03] for some attempts in this 
direction). Volume filling branes in H 3 can be obtained similarly from the D2-branes in the 
black hole. 

Another direction involving primarily the DO-branes concerns the generalization of recent 
developments in 2-dimensional string theory and the c = 1 matrix model. It was argued in 
|4o"l HB1 147] that the well known matrix dual of Liouville theory may be interpreted as the 
effective field theory describing the dynamics of localized branes in Liouville field theory. The 
dual matrix model for the 2D black hole background has been found in ^Hj and, in complete 
analogy to the Liouville case, it should describe the dynamics of our DO-branes [48J. Higher 
dimensional generalizations of this duality, which all contain the 2D black hole as a building 
block, arise in the context of little string theory. The results we have described above allow to 
construct various branes in the dual 9+ 1-dimensional string backgrounds. 
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A Characters of discrete representations 

In this appendix we derive the formula ()2.8|) that we use for the characters of the discrete series 
on the cigar. Our strategy is to insert the expression (j2.19j) for characters of discrete SL(2, M.) 
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representations into relation (|2.20J) and to evaluate the integral explicitly. Before we go into 
this computation, let us make a few comments on the function $i(q, z). It is defined by 

oo 

& 1 (q = e MT ,z = = -2q 1/8 sm7Td - q n ){l - zq n ){l - z~ l q n ) 

n=l 

oo 

= V" (_l) m g5( m -D 2 Z m -| 



m=— oo 



and enjoys the following behavior under modular transformation 

A{q,z) = -(-ir)- 1 *e-™ 62 !' r <& 1 {q,z) 

where q = exp(— 2hi/t) and 9 = 9/r. 

The computation of the integral (|2.2()|) . and therefore the proof of formula (|2.8jl . is easily 
seen to boil down to the calculation of the following contour integrals for k£Z, 

1 I" dz z K 1 
2wi J ~zl-z n~ =1 (l - zq n )(l - z- x q n ) ^ ' ' 

over the circle \z\ — 1 — e (recall that we displaced the contour in eq. (|2.20jl slightly to regularize 
the integral). If ft > 1 then all singularities of the integrand inside the circle come from the first 
order poles at z — q m . Hence, the contour integral can be evaluated using that in the vicinity 
of z = q m we have 



1 ' - 912 .(_i)™+i g ™(™-i)/2 _ (A.2) 



1 - zU^ =1 (l - zq n )(l - z- l q n ) z - q m r](q) 2 

If k < 0, on the other hand, we move the integration contour to infinity, picking up contributions 
from the poles at z = 1 and z = q~ m , all decorated with an extra minus sign to take the 
orientation of the contour into account. The results of these manipulations agree with our 
expressions (|2.8jl for the discrete coset characters. 

B Cardy computation for S 2 -branes in H3 

Our aim here is to extend the proof of world-sheet duality for the S 2 -branes in H3 (see pQ). 
In contrast to the calculations performed in pQ, we will not only check the world-sheet duality 
for the usual annulus amplitude, but for the more interesting quantity, 

Z% m ,(q,z) = Trg L °-M ^ (B.l) 

The operator Jq denotes the zero mode (in the sense of affine Lie algebras) of the SL(2, C) 
current J° of the H 3 sigma model. In our analysis we compute the quantity Z^ m ,(q, z) from the 
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one-point functions ()3.7)1 of the S 2 branes in H3 and express the result in terms of unspecialized 
characters, 

q^Z^,(q,z) = s %n\^ L ' +L ">-*e 2 " 6j S\m') s ' 

ipdp •*(-! + ip) + ipy f" «-* 

rfP V sinh 2vr6 2 P(2 J + 1) sinh27rP# (B.2) 

where have inserted the eigen- values z| of the operator J° and ty^(J) = ($^(z = |)) m . In 
the last line the summation over J runs over the same set as in eq. (|3.5|) . Now we are prepared 
to perform the modular transformation, 

= E (x^M-X-life*)) ■ (B.4) 

J 

We thus find the same discrete spectrum as in [Tj, now written in terms of unspecialized 
characters (j2.19|) . 
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